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Abstract. The Brunn-Minkowski theory in convex geometry rehes heavily on 
the notion of mixed volumes. Despite its particular importance, even explicit 
representations for the mixed volumes of two convex bodies in Euclidean space 
M.'^ are available only in special cases. Here we investigate a new integral 
representation of such mixed volumes, in terms of flag measures of the involved 
convex sets. A brief introduction to (extended) flag measures of convex bodies 
is also provided. 



1. Introduction 

Mixed volumes of convex bodies are a fundamental concept and tool in the 
classical Brunn-Minkowski theory of convex geometry. For two convex bodies (non- 
empty compact convex sets) in M'', d > 2, the mixed volumes 

V{K[m],M[d-m]), m = 1, . . . , d - 1, 

appear as coefficients in the generalized Steiner formula 

v,{K + M) = yim.M[d j]) 

for the volume of the Minkowski sum K + M of K and M . Other classical notions, 
the support function h{K, ■) oiK and the area measure Sd-i{M, ■) of M, are related 
to special mixed volumes through an integration over the unit sphere S''^"^, 

V{K[l],M[d-l\)^\ [ h{K,u)Sd-i{M,du), 



d 



a result which holds for all convex bodies K, M (see [TB] , for details on the Brunn- 
Minkowski theory). Under some smoothness and symmetry assumptions, a simi- 
larly simple decomposition exists for the mixed volumes F(isr[m], M[d — ni]) with 
m e {2, d - 2}. Namely, for m e {0, . . . , d - 1}, 

od-m I /• 

(1) V{K[m],M[d-m]) = — -/ V,n{K\E^) pd-„,{M,dE) 

JG(dA-m) 
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holds for instance if M is a centrally symmetric and smooth body, whereas K 
may be arbitrary. Here, G(d, d — m) is the Grassmannian of {d — m)-dimensional 
linear subspaces of R'', Vm{K\E^) is the m-dimensional volume of the orthogonal 
projection of K onto the orthogonal complement G G{d, m) of i? € G{d, d—m), 
and the signed measure pd-miM, •) is the (d— m)th projection generating measure 
of M, normalized as in [5l p. 1315]. If K is centrally symmetric and smooth, then 
the projection function Vm{K\-) has the integral representation 

(2) Vm{K\E^)^—, \{E^,F)\p,r,{K,dF), 

JG{d,m) 

where | {E-^ , F) \ denotes the absolute value of the determinant of the orthogonal 
projection of E-^ onto F. Hence in this case, where both bodies K and M are 
centrally symmetric and smooth, we obtain the relation 

ViK[m],M[d~m]) 

(3) / \{E^,F)\prn{K,dF)pd-rniM,dE). 
JG(d,d-m) JG{d,m) 

Let ¥„i4^m{K, M) denote the right-hand side of this equation. It involves the mth 
and the {d — m)th projection generating measure, Pm{K, •) and pd-m{M, •), of K 
and M, respectively, as well as basic information about the relative position of the 
subspaces E and F. Since {{E-^jF)] = we have the symmetry relation 

(M,K). 

It is known that ^ holds for arbitrary K and generalized zonoids M, ^ holds 
for generalized zonoids K and, therefore, ([3]) remains true if K and M are both 
generalized zonoids. For an introduction to zonoids and generalized zonoids, we 
refer to the surveys [TTl [S] and to [15]. Relations ^ and (O easily follow, for 
instance, from f5| Theorem 2.5] (see also [T6li Theorem 5.3.1]). The more general 
relation ([1]), which also yields ^ and ([3]) as simple consequences, can be deduced 
from the multilinearity of mixed volumes by first considering the mixed volume 
VdiK[m],Mi, Md-m) with (generalized) zonoids Mi, ... , Md-m, (cf. [13 (9.7)]). 
In spite of the generality of relation ([1} , it docs not even seem possible to obtain 
a similar result (for to > 1) for all centrally symmetric polytopes as long as such 
a relation is based on integrals over Grassmannians. In fact, if ([1]) holds for a 
symmetric polytope M (with interior points) and all smooth symmetric bodies K , 
then M lies in the class Qs{d—m, m), considered in [3]. But then Theorem 4.1 in [3] 
together with the remark in f^, p. 128, 1. 1] implies that all {d — m+ l)-dimensional 
faces of M have to be centrally symmetric. Thus, M cannot be an octahedron, 
for example. A similar argument shows that also (|3]) cannot be extended to all 
symmetric polytopes K or M . 

In the following, we use flag measures of convex bodies to show that a formula 
generalizing ^ holds with Grassmannians replaced by certain flag manifolds, as- 
sociated with the given convex bodies K and M, respectively. The result, which 
we shall prove, yields 

V{K[m],M[d~m]) 

(4) - JJ f,nM-miu,U,v,V)n„,iK;d{u,U))nd-n.iM;div,V)), 

where flmiK', ■) and il.d-m{M; •) are flag measures of K and M, the function fm,d-m 
is independent of K and M, and the integration is over the manifold of flags {u, U) 
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(respectively (v,V)). For this formula, no symmetry or smoothness assumptions 
on K or M have to be imposed. However, we have to assume that K and M are 
in general relative position with respect to each other. If K and M are polytopes, 
this condition is, for instance, satisfied if K and M do not have parallel faces of 
complementary dimension. See Section|4l for precise definitions and Theorem[2]for 
the explicit result. 

Flag measures were already used in [6] (see also [3] ) to provide an integral repre- 
sentation of projection functions. Here we proceed in a different, more direct way 
and establish a representation result for special mixed volumes. Our approach is 
based on general integral geometric results from J4j [12] for sets of positive reach, 
which are applied to convex sets. This yields extended flag measures which are re- 
lated to the measures introduced in [6] , [7] by means of a local Steiner formula. The 
formula we thus obtain includes also a formula for projection functions, although 
in a less explicit form than in [B], [3]. 

The setup of the paper is as follows. After some preliminaries in the next section, 
we introduce, in Section 3, the extended flag measures of a convex body. In Section 
|4]we formulate our main results. Theorems [1] and [21 Theorem [1] provides an integral 
representation not for the mixed volumes but for certain e-approximations of these. 
Theorem [21 which implies the representation ^ , is deduced from Theorem [1] by 
an approximation argument. After some preparations in Section 5, we give the 
corresponding proofs in Sections 6 and 7. The final section contains an example 
which shows that a simple extension of Q to bodies which are not in general 
relative position is not possible in general. 

2. Preliminaries 

Let R'^ be the Euclidean space with scalar product (•,•) and norm || • ||. The 
unit ball and the unit sphere of R'^ are denoted by B'^ and S"*~^, respectively. For 
a given k G {0, we denote by Afe^^'^ the (^) -dimensional linear space of 

/c-vectors in K''. As usual, we identify /\gK'' with R. The vector space Afc'^'^ 
equipped with the scalar product (•,•) (cf. [H §1.7.5]). For simple fc-vectors, the 
scalar product is given by 

(ui A • • • A Ufe, ui A • • • A Vk) = det (^{{u^, , 

where ui, . . . , Uk, vi, . . . ,Vk G Mf^. The induced norm on R'' is denoted by || • || . 
This notation is consistent with the one for elements of R'' which can also be viewed 
as 1-vectors. The operation of the orthogonal group 0{d) on R'' is extended to an 
operation of 0{d) on Afcl^'^ in the canonical way ([21 §1.3.1]); see [21 Chapter 1] for 
a brief introduction to multilinear algebra as used here. Let Go{d, k) be the subset 
of Afe '^'^ which consists of the simple fc-vectors with norm one (oriented Grassmann 
manifold). The Grassmann manifold G{d, k) of fc-dimensional linear subspaces of R'' 
is the quotient space of Gq {d, k) with respect to the equivalence relation ~ defined 
by C ~ C if and only if ^ = ±C, for C G Go{d,k). With a simple unit fc-vector 
wi A . . . A Ufe we associate the linear subspace U = {x & R'^ : x A ui A . . . A Uk = 0} 
which is just the fc-dimensional linear subspace spanned by mi, . . . , w^. Conversely, 
for a linear subspace U we may choose an orthonormal basis ui, . . . ,Uk oiU. Then 
ui A . . . A Uk is a simple unit fc-vector for which U is the associated subspace. 
Moreover, up to the sign, this simple unit fc-vector is uniquely determined in this 
way (of course, the explicit representation of the fc-vector is not unique). See §1.6.1, 
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§1.6.2 and, in particular, p. 267 in for further details and [10] for a similar 
description. 

The j-dimensional Hausdorff measure in a metric space will be denoted by W , 
where we adopt the same normalization as in [2, §2.10.2, p. 171]. Let denote the 
0{d) invariant measure on G{d, k) normalized to a probability measure. Thus, z/^ 
is equal to a multiple of the k(d — A;)-dimensional Hausdorff measure on G{d, k), 

4 = p{d, fc)-i 'H*'^'^~^VG{d, k), 

where l denotes the restriction of a measure to a subset. The explicit value of 
the numerical constant /3((i, k) is the total Hausdorff measure of the Grassmannian 
which is provided in [2, p. 267] and is equal to 



J- 



- r(i 



The corresponding invariant probability measure on Go{d, k) is denoted by ly^. 
In the following, we consider the flag manifold 

F^{d, k) = {{u, V) e S'^-^ X G(d, fc) : M _L V}, 

where u ^-V means that u is orthogonal to the linear subspace V . 

If is a convex body in R'', let dK denote its topological boundary, and let 

nor(i^) = {{x,u) edK X S'^-'^ : {u,y~x) <0 for aU y e K} 

be its unit normal bundle. This is a (d — l)-rectifiable set. 

Subsequently, it is convenient to use the shorthand notation k* for d — 1 — fc, 
where k G {0, . . . , d — 1}. The kth support measure 'E.i,[K] ■) of i^T is a measure on 
-^d ^ 5(^-1 which is concentrated on \\ot{K) and can be represented in the form 

g{x,u) Ek{K;d{x,u)) 



n 



^^-j^ f g{x,u) V Ki{K;x,u)H''-\dix,u)), 



where g is any bounded measurable function on x S'^ ^, I denotes a subset of 
{1, . . . , d — 1} of cardinality |/|, 



Ki{K;x,u) = 



ll.^^jh{K;x,u) 



and the numbers ki{K; x, u) G [0, 00] are the generalized principal curvatures of K 
at {x, u) G nor(i^), i = 1, . . . , d — 1. If ki(K; x,u) = 00 for some i G {1, . . . , d — 1}, 
then Ki{K; x, u) is determined as the limit which is obtained as ki{K] a;, u) — 00. 
In particular, this implies , ^ „ = and , °° „ = 1. Moreover, a product 
over an empty index set is considered as a factor one. The generalized principal 
curvatures are defined for 'H''" ^-almost all (x, u) G nor(_Rr). In the following, we do 
not repeat this fact (also in similar situations). We refer to [HI [3] for background 
information and an introduction to these generalized curvatures and measures from 
the viewpoint of geometric measure theory. We also use the notation 

Aj{K; X, u) = lJm{ai{K; x,u) : z G /}, 

where ai{K;x,u) G 5'''^^, i = 1, . . . ,d — 1, are generalized principal directions of 
curvature of K at {x,u), which form an orthonormal basis of (the subspace 
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orthogonal to u), and Lin denotes the hnear huU. If / = 0, then Ai{K; x, u) — {0}. 
Sometimes it is convenient to consider Ai{K]x^u) as a muhivector (cf. Section 4), 
i.e. 

Ai{K;x,u) = /\,^^jai{K;x,u). 

Here, the right-hand side is 1 S Ao if ^ = 0- 

The support measures naturahy arise as coefficients in a local Steiner formula. 
For a Borel set C M'* x S"^^^ and e > 0, we define the local parallel set 

M^iK, T]) {x + tu: {x, u) e nor(if ) r]T],t£ (0, e]}. 

Then the local Stcincr formula can be expressed in the form 

d-i 

j=o 

where Kj = W {B^ ) is the j-dimensional volume of the j-dimensional unit ball; see, 
e.g., [inilll]- The image of •) under the projection i~> it is the fcth area 

measure ^k{K, ■) of K, the total measure Vk{K) = Ek{K:R'^ x S"^"^) is the fcth 
intrinsic volume of K . Sometimes other normalizations are used in the literature. 
For instance, in convex geometry 

it) 

is often called the fcth area measure of K, and we shall prefer this normalization 
and terminology. 

3. Flag measures 

In this section, we provide a brief introduction to flag measures as is appropriate 
for the present purpose. A more detailed introduction is provided in [6] and [7] (see 
also [IHl Section 8.5], for a description of the underlying ideas). 

Let K he a. convex body in and fc E {0, . . . ,d — 1}. Recall that for brevity 
we write fc* = d — 1 — fc, in the sequel. The set 

norfe(i^) ^ {{x,u,V) S dK x F-^{d,k*) : {x,u) € nor(i^)} 

is p-rectifiable and 'H^-measurablc with p — d — 1 + kk* (see [T^l Lemma 1]). For 
a; € R"^ and a linear subspace U C M."^, let t/^ denote the orthogonal complement of 
U, x\U the orthogonal projection of x onto U, and K\U the orthogonal projection 
of K onto U. Moreover, we write d{K\U) for the topological boundary of K\U 
with respect to U as the ambient space. For a given convex body K in and for 
a fixed fce{0,...,(i — 1}, we consider the projection map 

/ : (x, u, V) ^ {x\V^, V), (x, u, V) G noikiK). 

The fcth extended flag measure Tk{K; •) of K (for related notions, cf. [14l[T2l|6]) is 
a measure on R*^ x F-^{d, fc*) defined by 

J g{x,u,V) Tk{K;d{x,u,V)) 

= lid.k) I I f g{x,u,V)\'H''{dz)4,{dV), 
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where 




i/rf-i\ r(^)r(Mi) 
n k ) r(i)r(f) 



and g is any bounded measurable function on x F-^{d, k*). Note that a result 
due to Zalgaller [52] implies that f^^{{z,V)} is a singleton, for z^^.-almost all 
V e G{d,k*) and T^'^-almost all z € d{K\V^) (see 16:, p. 89, Corollary 2.3.11] for 
this and more general results). The normalizing constant j(d,k) is chosen such 
that Tk{K; ■ x G{d, k*)) = E^iK; •) (see below). 

The projection of Tk{K; •) onto the flag manifold F-^{d, k*) will be called the 
fcth flag measure flk{K; •) of K; it is given by 



where g is now a bounded measurable function on F'^{d^k*) and the summation 
is extended over all exterior unit normal vectors u G n S^~^ of d(K\y^^ at z. 
If is (k + l)-dimensional, then u is uniquely determined, for T^'^'-almost all 

z € d[K\V^) (cf. [m p. 73]). If dim(5(X|V"-^)) = fc, then u is unique up to the 
sign, for "H '''-almost all z G d[K\y^). Finally, if 6xai[d(K\V ^)) < k, then the inner 
integral vanishes. Thus, by [16, p. 209 and Theorem 4.2.5], we obtain 



where {K\U, •) is the fcth area measure of the orthogonal projection of K onto U, 
with respect to U as the ambient space. Note that this relation holds irrespective 
of the dimension of K\U. 

Subsequently, we shall use the area/coarea formula. A suitable version for our 
purposes can be stated in the following setting. Let W C M" be m-rectifiable, let 
Z C M"^ be /i-rectifiable, for integers m> ijl> 1, and let T : — >■ Z be a Lipschitz 
map. Then the {H"^^W, m) approximate /i-dimensional Jacobian of T is denoted 
by ap J^T{w) whenever T is m) approximately differentiable a.t w € W. 

This is the case for "H^-almost all w € W. The coarea formula states that for every 
nonnegative measurable function g : — > M, we have 



which we shortly summarize as J^T{w)'H™'{dw) = T-L™'^'^''{dw)T-L^{dz). The area 
formula is the special case ^ — m. For more details we refer to [21 §3.2] or [TH 
Chapter 3], special versions of the coarea formula are described in [H Chapter 3] 
and (11[ Chapter 5]. In the following, as in [15) we simply write JfjT{w) instead of 
the more elaborate notation ap Ji^iT{w). 

We now provide another description of Tk{K\ ■). Let A{d,k) denote the affine 
Grassmannian of fc-dimensional flats (affine subspaces) in R''. Then we define 
A{K-d,k*) = f{novk{K)). Identifying {z,V) € A{K-d,k*) with z + V C A{d,k*), 
we can interpret A{K; d, k*) as the set of tangent affine A;*-flats of K. Let the 
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projection P : {z,V) t-^ V be defined on A{K;d,k*). By the coarea formula, we 
thus obtain (see [2]) 

f3{d,k*)-'JkHd-k')P{z,v)np{d{z,v))^n\dz)4,{dv) 

on A{K; d,k*). First using this and then the area formula for /, we get 
]{x,u,V) Tk{K;dix,u,V)) 

^j{d,k)f3{d,k*)-' f I 9{^>^,V) 

xJk-.id-k')Piz,V)HP{diz,V)) 
= ^id,k)^{d,k*)-' f Jpf{x,u,V)Jk,(d-k')Pi.fix,u,V)) 



X gix,u,V)HP{d{x,u,V)), 

for all bounded measurable functions g on K'^ x F-^{d,k*). We need a represen- 
tation of Tk{K] •) as an integral over the unit normal bundle of K. This can be 
derived from the last expression by applying the projection 11 : noVkiK) — > nor(i4r), 
{x,u,V) I— {x,u). The corresponding Jacobians were computed in |14) . and the 
computation can be summarized by 

Jpf{x,u, V)Jk-{d-k*)P{f{x,u, V)) 

= Jd-iIlix,u,V) Ki{K;x,u){AiiK;x,u),Vf. 
\i\=k' 

Thus, by another application of the coarea formula, it follows that 
gix,u,V) rk{K;d{x,u,V)) 



(5) ^lid,k) V Kj(X;a;,u) / gix,u,V) 

Jnor(K) JG"^(d-l,fc-) 



where 



X {V, Ai{K; x, ly^-^dV) W^-^dix, u)), 
l{d,k) ^ ^1,1,, =7(rf,fc)- 



W^'iS^") " ' ' I3{d,k*) 

and G" {d — is the Grassmannian of j-dimensional linear subspaces of w^. 
In the scalar product (V, yl/(Jsr; a;, m))^, we interpret V and Ai{K]Xtu) as one of 
the two possible associated elements of the oriented Grassmannian Gq (d — 1, fc*). 
This representation is similar to the one for the support measures Tk{K] •). The 
crucial difference is that for each (x, u) in the normal bundle of K and for each /, 
the flag measures involve an additional averaging of g{x, u, V){V, Ai{K; x, u))'^ over 
the linear subspaces V G G" (d — 1, fc*); these averages are exactly the weights with 
which the products M.i(K] x^u) of generalized curvatures have to be multiplied. 

^From this representation it can be seen that the projection 11 maps Tk{K; •) 
to the support measure 'E.k{K\ ■). In fact, if g is independent of V , then for each 
/, g{x, u) can be removed from the inner integral in ([5]) and the resulting integral 

then is equal to {^^^^ ■ To verify this, we interpret V and Aj ~ Ai{K; x,u) as 
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elements of Gq {d — 1, k*). Then the muhivectors Aj with / C {1, . . . , d — 1} and 
|/| — k* form an orthonormal basis of Gg {d — 1, k*) (of. Section [5]) and therefore 
E|/|=fe.(^^,^/)' = l- Since 

/ , i,V.A,fvi-\dV) 

JG"^ id~l,k*) 

is independent of /, the assertion follows. In particular, we get rife(if ; • x G{d, k*)) = 
Q{dKd_k)-^SkiK,-). 

The extended flag measures also arise naturally, as coefficients in a Steiner 
formula for affine flats; see, for instance, j6] and [7]. 



4. Integral representation of mixed volumes 
Given two convex bodies K, L in R'' and < fc < d, let us denote by 

(6) VkM-k{K,L)= (^^V{K[k],-L[d-k]) 

a multiple of the mixed volume of k copies of K and (d — k) copies of —L. These 
functionals agree with the coefficients in the translative intersection formula for the 
Euler characteristic Vq, that is 

« d 
/ Vo{Kr\{L + z))n%dz)^y^Vk,d-k{K,L), 
-'^^ k=0 

see [igilH]. 

Let k,l e {1, . . . ,d—l} he such that k + l = d. For the functionals Vk^i an integral 
representation has been proved in [13, Theorem 2] which we shall use subsequently. 
The angle between unit vectors u,w G K'^ is denoted by Z{u,v) G [0, vr]. Then we 
have 

Jnor(K)xnor(L) |^|^^. 

(7) X \\Ai{K; x,u)AuA Aj{L; y, v) A v\\'^ u, y, w)), 
where 

smte\''' fsm{l-t)e 



and Aj{K; x,u) and Aj{L;y,v) are viewed as multivectors. As usual, we put 
0/sinO = 1. The ratios 6/ sm6 and sin<6'/ sin 9 remain bounded for 9 G (0,7r/2], 
uniformly in t G [Ojl]- However, as 9 approaches tt, these expressions become 
unbounded. So far Fk,i{'^) has not been defined (cf. also [S]). We can fix Fkj{n) £ 
[0, oo) arbitrarily, since 9 — n corresponds to m = —v, and in this case we have 
\\Ai{K;x,u) AuA Aj{L-y,v) Av\\ = in d!]). 

In addition, we introduce the bounded approximations 

Fth^)^FkA0)l{0<9<Tr-e}, e > 0, 0G[O,7r), 
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and 

Jnor(K)xnor(L) 

(8) X \\Ai{K; x,u)AuA Aj{L; y, v) A vf H^'^-^dix, u, y, v)), 
so that 

J / Fk,i and V^f {K, L) / Vk,i {K, L), as e \ 0. 

Here and in the foUowing the symbols and \ indicate that the hmit is approached 
via an increasing, respectively a decreasing sequence. 

For the bounded approximations of the mixed volumes of two convex bodies, we 
obtain the following integral representations in terms of the flag measures of the 
bodies involved. 

Theorem 1. Let k, I G {1, . . . , d— 1} and k + l = d. Then there exists a continuous 
function ip'^^'' on F-^{d,k*) x F-^{d,l*) such that 

(9) vlf{K,L)^ 11 Fi'}{A{u,v))^'^\u,U,v,V)^u{K-d{u,U))^i{L-d{v,V)) 

for arbitrary convex bodies K,L G M'' and e > 0. 
Note that Theorem [1] implies 

Vk.iiK,L)^lim If Fl^}{Z{u,v))ip''\u,U,v,V)^k{K;d{u,U))^li{L-d{v,V)). 

It is natural to ask whether here the limit can be exchanged with the double 
integral to obtain 

(10) Vk,i{K,L) = JJ FkAAu,v))ip''''{u,U,v,V)nk{K;diu,U))ni{L;d{v,V)). 

Since y;'"''' is a signed function and Fkj is unbounded, the existence of the integral 
on the right-hand side is not guaranteed in general. In the final section, we show 
that if ^fC = L is a 2-dimensional unit square in M"*, then the integral on the right- 
hand side of (fTO)) does not exist. However, equation (|TOl) holds under additional 
assumptions on K and L, which (intuitively speaking) exclude parallel segments in 
the boundaries of K and L. 

It seems to be appropriate to include a more detailed comparison of the formulas 
d?]) and pH]) (provided the latter holds). Both formulas relate mixed volumes of 
two convex bodies K, L to integrals over product spaces. In the case of formula (O, 
the integration extends over the cartesian product of the normal bundles of K and 
L and is carried out with respect to the product of the corresponding Hausdorff 
measures. In contrast, the domain of integration in ()10p is independent of K and 
L and a product of flag manifolds. Here the integration is carried out with respect 
to the product of suitable (nonnegative and translation invariant) flag measures of 
K and L. The integrand on the right-hand side of ((T0| is the product of a signed 
function (p'''\u, U, v, V) of the flags {u, U) and (u, V) from the corresponding flag 
manifolds and an unbounded, nonnegative function Fk^i{^{u, v)). In particular, the 
integrand is independent of K and L. On the other hand, the integrand on the 
right-hand side of ([7]) involves the generalized curvatures of K and L. Due to the 
factor II A/(iir; x,u) Au A Aj{L; y, v) A v\f , the double sum under the integral does 
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not factorize, in general. However, since the generalized curvature functions are 
nonnegative, the integral always exists. 

A similar comparison can be given for ([5]) and In this case, the use of the 

e-approximation Fjf^ ensures that the integral in ^ exists. 

The following theorem states that equation ([TU]) is satisfied, for instance, if at 
least one of the two convex bodies K or L is "randomly rotated and/or reflected" . 
Here a random rotation and/or reflection refers to the (unique) invariant probability 
measure on the orthogonal group 0{d). 

Another condition which ensures that (|10p holds is that K and L are convex 
polytopes in general relative position. To define this notion, let Tk{K) denote the 
set of A:-dimensional faces of a convex polytope K, and let L{F) denote the linear 
subspace parallel to F & Fk{K). Then we say that convex polytopes K,L <zM.'^ are 
in general relative position if L{F) H L{G) = {o] whenever F g Tk{K), G G J^iiL) 
and fc, I e {1, . . . ,d — 1} with k + I — d. 

Moreover, we show that fTU]) holds if the support function of one of the convex 
bodies K,L is of class C^'^ (differentiable and the gradient is a 1-Lipschitz map). 
In this case, the corresponding convex body is strictly convex. The following lemma 
summarizes equivalent conditions for a convex body K to have a support function 
of class C^-^. Here we say that K rolls freely (equivalently, slides freely) inside a 
ball if there is a Euclidean ball B such that for each x G dB there is a translation 
vector i S R'* such that x G K + t C B. Also, if is a summand of a ball if there is 
a Euclidean ball B and a convex body M such that K + M = B. 

Lemma 1. Let K be a convex body in M.'^. Then the following conditions are 
equivalent. 

(a) The support function Hk is of class C^'^. 

(b) The first area measure Si{K, ■) of K is absolutely continuous with bounded 
density with respect to spherical Lebesgue measure. 

(c) K rolls freely (slides freely) inside a ball. 

(d) K is a summand of a ball. 

Proof. The equivalence of (b) and (d) is contained in Theorem 4.7 in [19j 

general result is provided in [20 , Theorem 1]. 

The equivalence of (c) and (d) is well known (see [16l Theorem 3.2.2]) 
The equivalence of (a) and (b) is, e.g., stated as Proposition 2.3 in |8]. 

The following theorem provides sufficient conditions for (fTO|) to hold. 

Theorem 2. Let K,L C M'' be arbitrary convex bodies in M.'^ , and let k,l G 
{!,..., d-1} with k + l^d. Then ^ holds 

(a) for K and pL, for Vd-almost all p £ 0(d); 

(b) if the support function of K or L is of class C^'^ ; 

(c) if K and L are polytopes in general relative position. 

The proofs of Theorem [T] and Theorem [2] will be given in Sections 6 and 7. 

5. Integrals over Grassmannians 

In order to obtain the representation (jH), we need to connect equations ^ and 
([5]) . This requires a series of preparatory results on integrals over Grassmannians 
which we provide in this section. 
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Let an integer k e {0, . . . ,d} and a subspace A e G{d, k) be fixed. By GQ{k,j) 
we denote the set of unit simple j-vectors in A, wliere j € {0, . . . ,k}. For integers 
r, s, we put r A s := minjr, s} (there is no danger of confusing this notation with the 
exterior product). Then, for i G {0, . . . , fc A (d — k)}, we define the hnear subspace 

T,A = Lin{CA?? : C € G^{k, k - i),r] G^^{d-k,i)} 

of /\i.R'^. In the following, wc sometimes also consider A G G{d,k) as an element 
of Go{d,k), which implies that one of two possible orientations has to be chosen. 
In such a case, this choice will not affect the construction. If ai , . . . , is an 
orthonormal basis of M'^ such that A = Lin{ai, . . . , 0^}, then 

(11) {A.ei^j : / c {1, . . . , 4, 1^1 = fc, 1^ n {1, . . . , fc}| = - z} 

is an orthonormal basis of TiA. In particular, we have TqA = Lin{ai A ... A a^} 
and 

dim(T,A)= Q (^~^^ =:d{i,k). 
Note that TiA _L TjA if i 7^ j and 

(12) AfcK'^= e TiA. 

i=0 

Given two subspaces A,Bg G{d, k), we define the ith product of A and B as 

{A,B)i = \\pT,AB\\, 

where pt^aB denotes the orthogonal projection of B (that is, of a simple unit 
fc- vector Bq corresponding to B) onto TiA. More explicitly, if -Bq G Go((i, A:) corre- 
sponds to B and jji, . . . , r]d{i,k) is an orthonormal basis of TiA, then 

d(i,k) 

\\pnABf= Y,{Bo,nr?. 
r=l 

In particular, we obtain 

{A,B)o = \\ptoaB\\ = \{A,B)\. 

The expression | {A, B) \ can be taken as the absolute value of the scalar product 

of simple unit fc- vectors corresponding to A and B or as the absolute value of 
the determinant of the orthogonal projection of A onto B, which yields the same 
numerical value. 

Furthermore, the ith product is symmetric, i.e., we have {A,B)i = {B,A)i, as 
follows from the subsequent lemma. We include a proof, since we could not find an 
explicit reference. 

Lemma 2. Let k G {0,...,d} and A,Bg G{d,k). Then there is an orthogonal 
map Q e 0{d) such that qA = B and qB = A. 

Proof. For the proof, we can assume that A O B = {0}. In fact, otherwise let 
Lq = An B. Then we define g as the identity on Lq. It then remains to consider 
AnL^ a,nd Bn in L^, for which we have {A n L^) n{Bn L^) = {0}. 

The assertion of the lemma with A O B = {0} is proved by induction with 
respect to > 0. For k = there is nothing to show. If A; = 1, let A = Lin{a} 
and B = Lin{6} with a,b G S^~^. We define ^ on L = Lin{a, 6} as the orthogonal 



12 



DANIEL HUG, JAN RATA,!, AND WOLFGANG WEIL 



reflection which interchanges a and b, and on as the identity map, which yields 
the required isometry. 

Now assume that k > 2 and that the assertion is true for all integers smaller 
than k. Clearly, there exist ai € An S"'"^ and bi £ B n S"*"^ such that 



ai 



biW =min{||a-6|| : a e An S'^-\b e B D S"^-^} > 0. 



We put L ~ Lin{ai, 61} and have dim(L) = 2. Then, for a G ACiaj;- and b e BCibj^, 
it follows that (a, 61) = and (6, ai) = 0. 

In fact, let b G B Obj^ n S'^~^ be arbitrarily chosen. Then, for 9 E (— ti", tt), we 
have cos(6')6i + sin(6')6 e i? n S"*"^, and therefore 

f{0) ||ai - {cos{0)bi + sm{0)b)\\^ 

attains its minimum for = 0. Thus /'(O) = 0, which implies that 

= 2(ai-6i,-6) --2(ai,6), 

and this yields the second assertion. The first assertion follows by symmetry. 

Hence, we have An aj^, B nb^ C L-'- and dim(A n a^) ^ dim(i3 nbj^) ^ k - I. 
By induction, there is an isometry gi of L"*" which interchanges Anaj^ and B nbj^. 
The induction is completed by defining g on L-^ as gi and on L as the orthogonal 
reflection which interchanges oi and bi. □ 

In the following two lemmas we evaluate certain integrals over Grassmannians. 
These lemmas are needed in Section [5] to construct the solution of an integral 
equation. 

Lemma 3. There exist positive constants q, . . . , k/\(d-k) ^"^^^ ^^"^^ '^'^2/ ^'^o 
subspaces A,Bg G{d, k), 

feA(rf-fc) 

{A,vr{v,Br4{dv)^ 4AAB)l 

Gid,k) 

Proof. Since the case k G {0, d} is trivial, we assume that k G {1, . . . ,d — 1} subse- 
quently. For the subspace A e G{d, k), we choose an orthonormal basis ai, . . . ,0^ 
of M'^ such that A — Lin{ai, . . . , Ok} (as at the beginning of this section). In the 
above formula, we can equivalently represent the subspaces A, B by elements of 
Go{d,k) and integrate with respect to the 0{d) invariant probability measure 
on Ga{d,k). Further, due to p2|) . we can write B — ^iPTiaB, where here and in 
the following all sums over i will run from to k A {d — k). Let G Afc be a 
unit fc-vector such that pt^aB = \\pTiAB\\ ■ Ci- Then we obtain 

(13) {V,By = Y\\PT.ABf (V,^,)^ + Y\\pt.aB\\ \\pt,aB\\ {V,^,){V,Q. 

Claim 1: Let £ TiA and G TjA. If i 7^ j or if i = j and are different 
elements of the orthonormal basis ([TTjl , then 

{A,Vf{VM){V.S,3)K{dV) = Q. 

Go{d,k) 

Since the above integral is linear in ^i, ^j, it is sufficient to consider the case where 
the multivectors ^i, are different simple fc- vectors from the bases described in (fTTjl . 
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In this case, there are sets I,Jc {1, . . . ,d} with |/| — \ J\ = k, |/ n {1, . . . , fc}| = 
k — i, |Jn{l,...,fc}|=fc — j such that 

Since I J, we can fix an index l £ (/ \ J) U ( J \ /). Let g £ 0{d) be defined by 
B{ai) = — Ot and g{ai) — ai for I ^ l. The 0{d) invariance of vf. then imphes that 

{A,Vf{V,^.){V,S„)vt{dV) 

Go(d,k) 

{A,B-^vf{e-^v,^,){Q-^v,i,)vt{dV) 

Go{d,k) 

{QA,Vf{V,e^^){V,g£,J)^>t{dV) 

Go{d,k) 

{A,V)^{V,^,){V,C,)i>tidV), 

Go(d,k) 

since {gA^Vf = {A,V)^ and {V,QQ{V,Qij) = -{V,£,^){V,S,j) . This estabhshes 
Claim 1. 

^From Claim I and ([T^ we now conclude that 
/ {A,V)^{V,B)^Dt{dV)=Y,{A,B)l [ {A,vr{V,^,)'9tidV). 

JGo(d,k) j JGa(d,k) 

The assertion of the lemma follows immediately from this and the subsequent claim. 
Claim 2: The integral 

{A,V)^{VM?4{dV) 

Go{d,k) 

is independent of A e Go{d,k) and £ TiA with = 1, and is therefore a 
constant j. To prove this, it is sufficient to show that the integral is independent 
of £ TiA. The independence of A then follows from the 0{d) invariance of 
P^. Since £ TiA and ||^i|| = 1, there are ai, . . . , ad(i,fc) £ M and fc-vectors 
rji, . . . , rjiK^ij^) £ TiA of the orthonormal basis (fTTj) such that 

Cj^ai^H + Oid{i,k)Vd{i,k) and + . . . + a^(, ^.^ = 1. 

Since 

d{i,k) 

1 = 1 r^s 

it follows from Claim 1 that 

d{i.k) 

[ {A,Vr{V,^,r4(.dV) = E / {AVr{V,rj,rPtidV). 

JGo(d,k) JGo(dM) 

Finally, we observe that 

{A,V)^V,^r? vtidV) 



lGo(d,k) 

is independent of r £ {1, . . . , d{i, fc)}. To see this, let r, s e {1, . . . , fe)}. Since 
77r, ris G TiA, there is some g £ 0(d) with qA = A and g?/r — r/s- Then the assertion 
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follows again from the 0(d) invariance of i^^, since 

{A,V)^{V,^r?vt{dV)^ I {A,g-'V)\g-'V,^r?Dt{dV) 

Go{d,k) JGo(d,k) 

{qA, V)\V,QT^r?Dt{dV) 

Go{d,k) 

{A^Vf{V,r^,)^vt{dV). 

Go{d,k) 

This completes the proof of Claim 2. □ 

Lemma 4. There exist positive constants df'J^, i, j — 0, . . . , k A (d — k), such that 
for any two subspaces A, B £ G{d, k). 



kA(d-k) 

/ {AV)^{v,Brut{dv)= J2 4'{AB)l 

■lG(d,k) j=o 



Proof. Since the case k e {0, d] is trivial, we assume that k e {1, . . . , d — 1} in the 
following. Let A, i? € G{d, k) be two linear subspaces. We fix an orthonornial basis 
ai, . . . , of M'' such that A = Lin{ai, . . . , a/c}, and put /q = {1, . . . , fc}. Then 

{A,V)l= (^^'^)'' 
\i\=k 

\InIo\=k-i 

where Ai — Linja^ : i e /} and V G G{d, k). Thus, Lemma [3] implies that 
{A,V)UV,B)^4{dV) 



G{d,k) 



E / {Ai,Vf{V,B)^4{dV) 

r, JG(d,k) 



\I\=k 
\lnla\=k-i 



kf\(d~k) 

= 1111 <m{Al,B)l 
|/|=fc m=0 
|/n/o|=fc-i 

= E E <rr. E (^-'^)' 

|/n/o|=fc-j: \Jni\=k~m 

= E E E E ct.(A.,5)^ 

|/n/o|=fc-j: \jni\=k-m 
\jnio\=k-j 

fcA(d-fe) k/\(d-k) 

= E E (^-^)' E <™ E 1- 

j=0 |./|=fc ™=0 |/|=fe 

\Jr\Ia\=k-i \Inlo\=k-i 

\Ir\J\=k-m 

Since the cardinality of the set of all / C {1, . . . , d} with |/| — k, |/ n /o| = k ~ i 
and \I n J\ — k — m does not depend on the particular choice of the index set J 
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satisfying | J n /o| = fc — j, we define 

fcA(d-fc) 

(14) dfj^ cl„-card{/: |/| =fc,|/n/o| =A:-i,|/n J| = fc-m}. 

Then we obtain 

k/\(d-k) 

/ {A,V)^{V,Br4{dV)= Y E (^■^'^)' 

|,/n/o|=fc-i 

which completes the proof. □ 



Remark. The cardinality on the right-hand side of equation (|T4|) can be expressed 
explicitly in terms of binomial coefficients. Introducing the variable I = \I H IqH J\, 
we get 



kA{d-k) k/\{d-k) 



j\f j \f j \f d-k- j 



'^"'^ S ^ ^ )\k-i-l)\k~m~l)\m + l + i~k 

where (^) = for integers a, b with a > 0, if 6 < or 6 > a. 

We now show that the matrix of coefficients from Lemma HJ that is 



/ , ,\ k/\{d~k) 

D[d,k)^(di^) 

\ ■' J 1.1=0 



is regular. 

Let an orthonormal basis ei, . . . , of R'' be fixed. For the given basis, we define 
Ej = Linje^ : i G /}, where / C {1, . . . ,d}. Let C be the (^) -dimensional linear 
space of continuous functions on G{d,k) spanned by the functions (Ej,-)'^ with 
|/| = k. We equip C with the scalar product 

.f{U)g{U)4{dU) 

JG(d,k) 

and consider the linear operator T : C C given by 

T:g^ [ g{U){U,-f4{dU). 

JG{d,k) 

Lemma |3] implies that T is well defined. By Fubini's theorem, T is self-adjoint. 
Hence there exist pairwise different real eigenvalues ai, . . . ,am of T with corre- 
sponding orthogonal eigenspaces Hi, ... , H,n such that £ = 7? i © • • • © Hm. 

Lemma 5. The operator T is surjective on C 

Proof. We fix an index set / with |/| = k and show that (£"/, •)-^ G TC. Due to the 
above observations, we can write 



(15) {Ei,-)^ = hi 
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with hi e Hi, 1 < i < m. Then we get 



aMEi) = / h,{U){Ei,UyiytidU) 

JG(d,k) 



G(d,k) 



Y,hmh,{U)4{dU) 



j=i 



h,{u)h,{u)4{du) 

.J JG(d,k) 



= y^^{hi,hj) = {hi, hi). 

If aj = 0, for some i G {!,..., m}, then h.^ = in (jlSp . Therefore we can assume 
that at ^ for ah functions hi in ([T5|) . Choosing ft, = a~ /i^, we obtain that 

Th^J2 ^T'Th, = ^ /i. = {Ei, ^2 



and the proof is complete. □ 

Corollary 1. The operator T : C ^ C is bijective and all its eigenvalues are 
nonzero. 

Fix I C {I, . . ■ ,d} with |/| = fc and consider the linear space 

Ci = Lin{(£:/, •)2 : i = 0, . . . , fc A (d - fc)}. 

By Lemma m T maps £/ into Cj. By Corollary [H T is injective, hence T\Ci is 
injective and therefore a bijection. Since D{d, fc) is the matrix of the restriction 
T\Ci, we obtain the regularity of D{d, fc). 

Proposition 1. The matrix D{d,k) is regular. 

6. Proof of Theorem [T] 

In this section, we always assume that fc,/e{l,...,d— 1} and k + I = d. 
Comparing the representation ([5]) with ^ and (O, we see that Theorem [T] is a 
consequence of the following result. 

Proposition 2. There exists a continuous function (p^'' on F^{d,k*) x P-^^d,!*) 
such that 

f [ {A,U)\'^\u,U,v,V){V,BYv^;^\dU)4-\dV) 

- ^ \\A^u^B^v\\^ 



i{d,khid,i) 

for any {u,A) G F^{d,k*) and {v,B) € F^{d,r). 

Proof. Given < p < k A k* and < q < / A T, let us introduce the function 

|/|=r \j\=r 
\inio\=k*-p \jnJo\=i''-q 

on P'^{d, fc*) X P'^{d, I*), where ui, . . . ,Ud and vi, . . . ,Vd are orthonormal bases of 
M'^ such that Ud — u, Vd ~ v, U — Lm{ui : i E Iq} and V — Lin{t;j : j E Jq}. Here 
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Iq, Jo are fixed subsets of{l,...,(i— 1} with |/o| — k* , \Jo\ = I* , and the summation 
is over subsets /, J C {1, . . . , d — 1}. First, we show that (pp'g{u, U, v, V) does not 
depend on the choice of the two bases. We start with a simple remark. Let ai . . . , 
be an orthonormal basis of and let bi, . . . ,bs denote an orthonormal system in 
M'', where r,s > are integers such that r + s = d. Expressing bi, . . . ,bs in the 
basis ai,. . . ,ad, and by basic properties of alternating products, we obtain 



||ai A ... A Or A 6i A ... A bs\f 

d d 

aiA...AarA {bi,ai)ai A . . . A {bs,ai)ai 

i=r+\ 

= (det(((a.,6,))fr.+i,,=i))' 
= {ar+i A ... Aaa.biA ... A b^)^. 



i=r+l 



Assume that l\i(zjUi A u Av^Q. Wc denote by {l\i^jUi A u A v)-^ a unit simple 
{k — l)-vector whose associated subspace is orthogonal to the subspace associated 
with /\i^jUi Au Av. Observe that \I\ + 1 + \J\ + 1 = d — k + d — I = d. Then we 
get from the preceding remark that 



A 



^ 2 / _L \ ^ 

" ^ Aje j^^i A f =\\/\ieiUz/\uAv\\ ((Aie/W» ^ u A w) ,/\j^jVjj . 



Since 



{AjejVj:\J\=l*,\JnJo\=l*-q} 
is an orthonormal basis of TqV, we obtain 



^''Uu,U,v,V) 



\i\=k' 
\inio\=k*-p 



\J\-- 

\JnJo\=l*-q 



E IIA.6/ 



Ui Au Av\ 



|/|=fc* 
|/n/o|=fc*-p 



PT,v (Aie/Wi Au Au)"^ 



E II Ai£/Wi A M A ((Aie/Wi AuAv)^,v) 



\inio\=k*-p 



where the symmetry of the gth product was used. Note that the preceding argument 
can be considered in M.'^ or with respect to as the ambient space. This is also true 
for the g-product which appears in the last equation. Moreover, if Aig/^i A u A i; = 

0, then we can choose any Z*-dimensional subspace for (^/\^^jUi A u A v)'^ , since 
then the right-hand side is zero. This shows the independence of the choice of 
the sequence (vj). By a similar argument, the independence of the choice of the 
sequence (uj) is shown. 
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^From Lemma [4] we obtain 



^'pll{u,U,v,V){V,B)'4-\dV) 

G"^(d-l,;*) 

53 \\Az(^iUiAuAvf 

\i\=k' 
|/n/o|=fe*-p 

2 



.\ \ In 



G" {d~l,l') ^ ' 1 



lAl* 2 



\I\=k' 3=0 ' 

\inio\=k*-p 

/A/* 
3=0 

Using Lemma |4] again, we finally get 

{A,ur^';:liu,u,v,v){v,Brut^\du)4'\dv) 

G" (d-l.fc*) J {d~l,l') 
kAk' lAl* 

EV^ jd-l.r ^ n\ 

Z^dpi ip,lj{u,A,v,B). 

z=0 j=0 

Now we prove the existence of coefficients ap^q G R such that the system of linear 
equations 



kAk' lAl' 

(16) EE«-<:;^^'=*<j^^'' = 

p=0 ij=0 



. 0, otherwise, 



is satisfied. If this has been shown, then it follows that the function ip ' given by 

kAk' lAl' 

(17) ^'''=EEwp;l 

p=0 q=0 

is a solution of our problem. 

The matrix of the linear system (|16p can be written as the Kronecker product of 
two matrices, D{d — 1, fc*) ® D{d — 1, /*), where the Kronecker product of an r x r 
matrix M = {mij)^^^-^ and an s x s matrix N is the (rs) x (rs) matrix defined by 



miiN . . . mikN 



rukiN . . . nikkN 



It is well known that if M, N are two regular square matrices, then M(E}N is regular 
as well. The system (ITBl) of linear equations is then equivalent to 

(ao,o, • ■ • ,ao,;Ai', "1,0, ■ • • ,ai,iAi', ■ • • , auAk* ,iAi')D{d - 1, fc*) (g) D{d -1,1*) 
= ((7(d,fc)7(d,0)"\0,...,0). 
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Hence, by PropositionlH the (fc AA:* + l)(Mr + 1) mutrix D{d-l,k*)<g) D{d-l,l*) 
is regular and therefore the above hnear system has a unique solution and the proof 
is complete. □ 



Remark. The function (p'^-'' constructed in the proof has the symmetry property 

ip''-'{u,U,v,V) = ip^-'''{v,V,u,U) for all (u, {/) S F^{d,k*) and {v,V) S F^{d,r). 



7. Proof of Theorem 
(a) Let p £ 0{d). Relation © holds for all e > and arbitrary convex bodies 

r{e) 
k,l 



K,L(Z M."^. Since vI]\k, pL) / Vk,i{K, pL) as e \ 0, we have to show that 



j I J {u, U, V, V) nk {K; d{u, U)) 17, (pL; d{v, V)) 



Fkj{Z{u, {u, U, V, V) nk{K; d{u, U)) ni{pL; d{v, V)) 



as e \ 0, for i^^-almost all p G 0{d). 

Since Fjfi Fk^i as e \ 0, the result follows if the dominated convergence 
theorem can be applied. To justify this, observe that, for G [0, tt) and {u, U,v,V) S 
F^{d,k*) X F^{d,l*), 



< fI^'^{6) < Fkj{e) < const • sin'-'' 9, 



l-d , 



\ip''-'{u,U,v,V)\ < const- |sinZ(u,?;)|^ 

For the latter inequality, we use ([T7| and the general estimate HC^jyll < • |1?7|1 
which holds for arbitrary simple multivectors (cf. [2l, p. 32] where, however, the 
norm is denoted by | • |), and implies that 



< ||u A v\\ = I sinZ(u,w)p. 

Thus we have 

fI^J {A{u,v))\ip''\u,U,v,V)\ < const •sin3-''Z(M,w). 
It remains to show that 

sin^-'^ Z{u,v) nk{K] d{u,U)) ni{pL; d{v,V)) < oo, 

for z/(i-almost all p G 0{d). To see this, we use Fubini's theorem, the fact that (up 
to constants) the area measures are image measures of the flag measures (cf. the 
end of Section 3), and the 0{d) covariance of the area measures to obtain (with 



20 



DANIEL HUG, JAN RATA,!, AND WOLFGANG WEIL 



varying constants, which may also depend on L) 

sin^--* v) QkiK; d{u, U)) ^i{pL- d{v, V)) Vd{dp) 



SO(d) 

< const • / / / sin^""* Z(m, v) Sk{K, du) Si{pL, dv) Vd[dp) 

JsO(d) J J 

< const • // / siv?^"^ A{u,pv)vd[dp)Sk[K,du) Si{L,dv) 

J J JSO(d) 

< const - / siD^-^ A{u,w)H'^-^{dw) ■ S{K)S{L), 

where S{K) and S{L) denote the surface areas of K and L, respectively. Then we 
use the fact that 

/ sin^-'^ Z{u,w)H'^~\dw) =H'^-^{S'^-^) ■ f sin a da = 2H'^-\S'^~^) 
is<i-i Jo 

is a finite constant, independent of u G S'^^^. 

(b) If the support function of K (say) is of class C^'^, then all area measures of 
K are absolutely continuous with bounded density (see [HI Satz 4.7]), that is 

Sk{K,-) < const • •H'^"VS"'^\ 

for fc = 1, . . . , d — 1. Hence the estimate 

sin^-'^ Z{u, v) nkiK; d{u, U)) ^i{L- d{v, V)) 

(18) < const- jj sin^-'^ A{u,v)Sk{K,du)Si{L,dv) 

< const • J j sin^-'^ Z{u,v)'H'^-\du) Si{L,dv) 

< const • S{L) 

shows again that the dominated convergence theorem can be applied. 

(c) Let K,L C K'' be polytopes in general relative position, and let k,l G 

withfc + / = d. Let F G J^kiK), G G Ti{L) and define Af(i^) = L{F)-^, 
N{G)=L{G)^. Since 

{L{F) n L(G))^ = {L{F)^ + L{G)^)^^ = N{F) + N{G), 

we get 

dim{N{F)r\N{G)) = dim(7V(i^))+dini(A^(G))-(d-dim(i(i^)nL(G))) 

(19) = dim(L(F) n L{G)) = 0. 

We write N{K, F) for the normal cone of K at F, v{K, F) = N{K, F) n and 
define N{L, G) and v{L, G) similarly. Then implies 

v{K,F)r]±v{L,G) = 0. 

If i^T is a polytope, then 

S'fc(i^,-) = const- ■H'=(F)-H'=*(i/(if,F)n-), 

see [m (4.2.18)]. Therefore, by a compactness argument, we obtain that Z(m, w) G 
[5, TT— 5], for a constant 5 G (0, tt), all unit vectors u in the support oiSk{K, •), and all 
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unit vectors v in the support oi Si{L, •). This imphes again that the right-hand side 
in (|18|1 is finite, since | sinZ(M, v)\ is bounded from below by a positive constant for 
all vectors u, v under consideration, and thus the dominated convergence theorem 
can be applied. 

This completes the proof of Theorem [2] 

Remarks. 

(1) The proof of the preceding theorem shows that pUj) holds for a pair of 
convex bodies K,L CM.'^ whenever 

J J sin^-'^ Z{u,v) Sk{K,du) Si{L,dv) < oo. 

That this condition is not always satisfied is shown by the example in the 
next section. 

(2) li K,L C M.'^ are polytopes, then equation pUj) holds for a particular k g 
{1, . . . ,d~l}, if the assumption of general relative position is satisfied just 
for this particular k. 

(3) For U G G{d, k), the fc-dimensional volume of the orthogonal projection of 
K onto U can be expressed as a special mixed volume, that is 

n'{K\U)^—4fl---V{K[k],Ud-k[d~k]), 

where Ud-k C is any [d — fc)-dimensional convex body with positive 
(d— A;)-dimensional volume (this follows from [16j (5.3.23)] and the linearity 
properties of mixed volumes). If we choose Ud-k = n B'^ and recall ([6]), 
then we obtain 

'H^(K\U) = -^■V{K[klU^r\B'^[d-k]) 

Kd-k 



1 

Kd~k 




Fk,d-kiAv, u;))/''*-'^ {v,V,w,W) 



X Qd-kiU^ n B"": d{v, V)) Uk{K- d{w, W)), 

whenever pO|) holds for K and n S''. This is true, for instance, for K 
and z/fe-almost all U E G{d,k). In this situation, relation (jlOp also holds 
if Sk{K,-) is absolutely continuous with bounded density with respect to 
spherical Lebesgue measures or if ii' is a polytope such that L{F) D = 
{o] for all fc-dimensional faces F of K . 

8. Example 

Consider the case d = A and k ^ I — 2. Hence we have k* — 1* — 1. Let 
(u, [/), {v, V) £ F-L(4, 1) be such that u, V are linearly independent and define 

/3 = Z{u, v) e{0,7r), 

L = w-^nw-L e G(4,2), 

7 = Z{U\L,V\L)e[0,7Tl 

au = AU,L), ay = Z(T/,L)e [0,|]. 

Here we write U\L for the orthogonal projection of U onto L. The angle between a 
one-dimensional linear subspace such as U and a two-dimensional linear subspace 
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such as L is defined as the angle between U and U\L (unless U J- L where we define 
this angle to be 7r/2). Note that 7 is not defined ii U J- L or V J- L, but in these 
cases, the subsequent formulae are still valid, since then cos ajj = or cos ay — 
so that the value of sin 7 is not relevant. 

The functions ^'f'J , which were introduced in the proof of Proposition[2l can now 
be expressed in terms of these angles, that is 

22/ \ 22 2 2 

tpQQ{u,U,v,V) = sin P cos ajycos ay sin 7, 
iPq'1{u,U,v,V) = sin^ /3cos^ at/(l — sin'^ 7Cos^ ay), 
(Pi'l{u,U,v,V) = sin^ /?cos^ ay(l — sin^ 7C0S^ aj/), 

22/ \ 2/22 2 2 2\ 

ip{i{u,U,v,Vj = sin /?(sin 7 cos au cos ay + sin ay + sin ay). 



To show this, let us choose unit vectors Ui, 1x2, 1*3 such that Lin{ui} = U and 
1*1 , U2 , U3 , ti is an orthonormal basis of . Similarly, we choose unit vectors f 1 , W2 , wa 
such that Lin{ui} = V and vi,V2,v^,v is an orthonormal basis of R*. ^From the 
definition of V'o'o' provided in the proof of Proposition [21 we then obtain (omitting 
arguments on the left-hand side, also subsequently) 

y^o'x) = A u A wi A ||u A i;|p||ui|L A 

= \\ui\Lf\\vi\Lf {siiiZ{ui\L,vi\L)f 

= sin'^ (3 sin^ 7 cos^ au cos^ ay , 

where ui\L denotes the orthogonal projection of ui onto L (etc.). Here we have 
used the fact that if ^ is a simple unit fc-vector with associated linear subspace U 
and L = IJ-^, and if 771, . . . , 77; e R"*, then we have 

IICAt?! A... A?7/|| = ll^ll • \\m\LA...Am\L\\- 

Next, we have 

3 3 
"^Ofi + VoA =^\\uiAVjAuAv\\'^ ^ ||ui A-itAwlP^llwjKui AmAi;)-^||^ 

= ||uiAuAw|p = ||mAu|P-||ui|L|P sin^ /3cos^ au , 

where we assume that ui,u,v are linearly independent, i.e. ui is not orthogonal 
to L. In this case, the 3-vector ui A u A v is associated with a 3-dimensional 
linear subspace of M^. Let a be a unit vector orthogonal to this subspace. Then 
Vj\{ui AuAv)-^ = z;j|Lin{a} and a £ v^. Since vi,V2,V3 is an orthonormal basis of 
ti^, we deduce that 

3 3 

hjli^i AuAv)^f = - ||a||2 = 1. 

However, even if ui,u,v are not linearly independent the resulting equation remains 
true. 

The second assertion now follows from the first one. The third assertion is proved 
in a similar way. 
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The remaining assertion is obtained from 

3 3 3 

^Ifi + V^oii + '^lio + V??;? = X! X! 11"^ ^Vj ^uh = ^ \\u, huh 

i—1 j—1 i—1 
3 

= |luAi;||2^|lu,|Lf = 2sin2/3. 
1=1 

Here we used that C\v^ = L \s & 2-dimensional hnear subspace of u^, wi, M2, W3 
is an orthonormal basis of and therefore, if a, 6 is an orthonormal basis of L, 
then 

3 3 

^ \\u,\Lf = J2 ((«, + {b, = + m' = 2. 

2=1 i=l 

Now we compute the coefficients aij. We have 7(4,2) = ^ (the constant from 
©) and 

^1,0-5, ^1.1-15- 
To verify this, let a € S*^ be arbitrary and A = Lin{a}. Since {A,A)i = 0, we get 

c?,o - / {AVr{V,Ari.UdV) = [ {v,a)^H\dv) = \, 

JG(3,i) W ) Js^ -3 

where the integral is independent of the particular choice of a by the 0(3) invariance 
ofiyf. For the calculation of cf we choose a = (1, 0, 0)^, b = (0, 0, 1)^, A = Lin{a} 
and B = Lin{6}. Then we obtain 

c?.i = / {A,Vr{V,Br,.UdV) = / {a,vr{v,brn'{dv) = ^. 

■/g(3,i) H^(5^) Js2 15 

Finally, from (jl4p and the subsequent remark we get 

3 

15' 
1 

15' 
2 

15' 
4 

15' 



3,1 

0,0 


— '^LO 


H 


^4i 


= 


3,1 
0,1 


— '^LO 


OH 


^4i 


1 = 


3,1 
1,0 


— '^1,0 


OH 


-4i 


2 = 


3,1 
1,1 


— '^1,0 


IH 


^4i 


1 = 



and thus 



1^(3,1) = ^ 



D{3,1)®D{3,1) = — 



3 
2 

/ 9 

6 
6 
4 



Then we deduce 



1 

4 

3 

12 
2 



3 
2 

12 



p,9=0 



16 -4 
-4 1 



1 \ 

4 

4 

16 / 
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The function (^^'^ is now determined as 

f'^''^{u,U,v,V) = TT'^ sin^ /3 • (25 sin^ 7 cos^ ay cos^ ay 

+ sin^ au + sin^ ay — 4 cos^ ccc/ — 4 cos^ ay). 

Let if be a unit square in a 2-dimensional subspace L G G(4, 2). In this case, 
the normal bundle of K has a simple structure and all generalized curvatures of K 
are either zero or infinite. To be more precise, since d = 4, for each (x, u) G noT{K) 
there are three generalized principal curvatures which we arrange in increasing 
order, 

< ki{K;x,u) < k2{K;x,u) < ks{K;x,u) < oo. 

If X is a relative interior point of K, then {x. u) G nor{K) if and only if u € L-^nS^ = 
Sl^±, and for such pairs {x,u) G nor(iir) we have 

ki{K;x,u) ^ [ J'^' 

I 00, 1 = 3. 

Therefore, 

^{i}{K;x,u) = 

and 03 (if; x, u) is a unit vector in n . li x E K is not a relative interior point 
of K and (x, u) G nor(A'), then at least two of the generalized principal curvatures 
arc infinite and therefore Kj{K; x, u) = 0, if |/| = 1. Hence, for d = 4, k = 2 (thus 
k* = 1) and K as above, we get 




g{u,U) n2{K;d{u,U)) 

3 

= |-/ VK{i}(K;a;,w) / g{u,V){V, A[iyiK;x,u))' i^f(dV) 

'^^ JnoT{K) jr[ Jg^^ (3,1) 

X H^{d{x,u)) 
g{u, V){V, n u^f i^UdV) (^^ U^){d{x, u)), 



3 

~ 2^ 
(20) 

3 

~ 2^ 



g{u, V){V, n u^f lyfidV) {du), 



51 ^^^(S,!) 



for each bounded measurable function g on -F^(4, 1). In particular, the area mea- 
sure of order 2 of if is a multiple of "H^ restricted to the unit circle in L-^. 
Clearly, we have 

(21) F2,2(;5)sin^/3 ^ const G (0,00), as /3 tt. 
Subsequently, we show that 

(22) j j F2,2(Z(w, w))<p!:'(«, U, V, V) n2{K; d{u, U)) n^iK; d{v, V)) = 00, 
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where 93 J is the negative part of (/? ■ . Using (|20|). we can write the integral on the 
left-hand side of ([22l) as 

9 
4^ 



F2,2{Z{u,v)) / / {A,Ufv^_l\u,U,v,V){B,V}' 



i^f{dV)i^f{dU)n^{dv)n\du), 

with A = u-^ f] and B = f] L-^. Since 1^^'^ > 0, the application of Fubini's 
theorem was justified. Choose a fixed direction 70 G i and parametrize U, V by 
spherical coordinates as follows: 7^7 — Z(7o,Pl?7), a;/ = Z{U,L), — Z(7o,plF), 
ay = Z(V, L). Denoting 7 = 7c/ — 7y, we get that the negative part ip^_l^ of (yS^'^ is 
bounded from below by 

TT^ sin2/3(3-25sin2 7), 
provided that au, ay < 7r/4. In fact, under this restriction we have 



V'f - V'-' = < sin^ /3 (^25 sin^ 7+- + --4--4- 
< 7r2sin2;3(25sin2 7-3) , 

from which the estimate for (p^'^ follows. 

Thus, for linearly independent u,v £ Sj^±, on the set 

^K.) = ^iU,V) e G""(3, 1) X G'^"(3, 1) : < aa,ay < p I sin(7[; - 7^)] < i| 
we have 

tp^_:^{u,U,v,V) > 27r2sin2/3. 

The integration over the Grassmannians G" (3,1) and G" (3,1) can be written in 
spherical coordinates (0 < ju,lv < 2n, < au,av < 7r/2) as 

v^i^dU) — — dju cosaijdau, i^fidV) — 7;— d'jv cosaydav- 

Since {A, U)^ — sin^ au and {B, V)^ = sin^ ay, we obtain for all linearly indepen- 
dent vectors u,v G Sj^± 

{A,Uf{B,V)^vl{dU)vl(dV) 

^ i^J J Hl^^'^ilu -lv)\ <^}djud'^v^ ij sin^ a cos a da j 



1 1 



(2^) 

Wo . - A fV2Y 

— 27r • 4 arcsm - 

1 1 
— arcsm-. 

SOTT 5 



Consequently, 

/ / {A,Uf^^_:'iu,U,v,V){B,Vf:.fidU),^f{dV) 



> ( — arcsin - ) sin^ /?. 
18 5 , 
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Taking into account (|2T1) . it is clear that (p2|) holds. 



References 

[1] L.C. Evans, R. Gariepy, Measure Theory and Fine Properties of Functions. CRC Press, Boca 
Raton, Fl, 1992. 

[2] H. Federer, Geometric Measure Theory. Springer, Berlin, 1969. 

[3] P. Goodey, W. Hinderer, D. Hug, J. Rataj, W. Weil, A flag representation of projection 

functions. In preparation (2011). 
[4] P. Goodey, W. Weil, Centrally symmetric convex bodies and Radon transforms on higher 

order Grassmannians. Mathematika 38 (1991), 117-133. 
[5] P. Goodey, W. Weil, Zonoids and generalisations. In: Handbook of Convex Geometry, ed. by 

P.M. Gruber and J.M. Wills, Elsevier Science Publ. Amsterdam, 1993, pp. 1297-1326. 
[6] W. Hinderer, Integral Representations of Projection Functions. PhD thesis, Karlsruhe, 2002. 
[7] W. Hinderer, D. Hug, W. Weil, Extensions of translation invariant valuations on polytopes. 

In preparation (2011). 

[8] R,. Howard, Convex bodies of constant width and constant brightness. Adv. Math. 204 (2006), 
241-261. 

[9] D. Hug, Generalized curvature measures and singularities of sets with positive reach. Forum 

Math. 10 (1998), 699-728. 
[10] E. B. Vedel Jensen, K. Kieu, A new integral geometric formula of the Blaschke-Petkantschin 

type. Math. Nachr. 156 (1992), 57-74. 
[11] S.G. Krantz, H.R. Parks, Geometric Integration Theory. Birkhauser, Boston, 2008. 
[12] J. Rataj, Absolute curvature measures for unions of sets with positive reach. Mathematika 

49 (2002), 33-44. 

[13] J. Rataj, M. Zahle, Mixed curvature measures for sets with positive reach and a translative 
formula. Geom. Dedicata 57 (1995), 259-283. 

[14] W. Rother, M. Zahle, Absolute curvature measures, II. Geom. Dedicata 41 (1992), 229-240. 

[15] L. Simon, Lectures on Geometric Measure Theory. Proceedings Centre Mathematical Anal- 
ysis, Australian National University 3, Canberra 1983. 

[16] R. Schneider, Gonvex Bodies: The Brunn- Minkouiski Theory. Cambridge University Press, 
Cambridge, 1993. 

[17] R. Schneider, W. Weil, Zonoids and related topics. In: Convexity and its Applications, ed. 

by P.M. Gruber and J.M. Wills, Birkhauser Basel, 1983, pp. 296-317. 
[18] R. Schneider, W. Weil, Stochastic and Integral Geometry. Springer, Heidelberg-New York, 

2008. 

[19] W. Weil, Ein Approximationssatz fiir konvexe Korper. manuscripta math. 8 (1973), 335-362. 
[20] W. Weil, Inner contact probabilities for convex bodies. Adv. Appl. Probab. 14 (1982), 582- 
599. 

[21] M. Zahle, Integral and current representation of Federer's curvature measures, Arch. Math. 
46 (1986), 557-567. 

[22] V.A. Zalgaller, The fc-dimensional directions that are singular for a convex body F in R". 
(Russian) Boundary value problems of mathematical physics and related questions in the 
theory of functions, 6. Zap. Naucn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 27 
(1972), 67-72. English translation: J. Soviet Math. 3 (1972), 437-441. 



INTEGRAL REPRESENTATION OF MIXED VOLUMES 



27 



Karlsruhe Institute of Technology, Department of Mathematics, D-76128 Karls- 
ruhe, Germany 

E-mail address: daniel.hugSkit.edu 
URL: http : //www . math . kit . edu/~hug/ 

Charles University, Faculty of Mathematics and Physics, Sokolovska 83, 186 75 
Praha 8, Czech Republic 

E-mail address: ratajOkarlin.mf f . cuni . cz 

URL: http : //www.karlin.mf f . cuni . cz/^rataj /index_en.htinl 

Karlsruhe Institute of Technology, Department of Mathematics, D-76128 Karls- 
ruhe, Germany 

E-mail address: wolfgang.weilSkit.edu 
URL: http : //www . math . kit . edu/~weil/ 



